Abstract In this article we consider a number of models for the statistical data generation in different areas of insurance, including life, pension and non-life insurance. Insurance statistics are usually truncated and censored, and often are multidimensional. There are algorithms for estimating the distribution function for such data but they are applicable for one-dimensional case. The most effective of them are implemented, for example, in SAS system. We propose a nonparametric estimation of the distribution function for multidimensional truncated-censored data in the form of quasi-empirical distribution and a simple iterative algorithm for its calculating. The accuracy of estimating the distribution function was verified by the Monte Carlo method. A comparative analysis of the quasi-empirical distribution with alternative estimates showed that in the one-dimensional case the proposed estimate almost coincides with the estimates calculated using the HPSEVERITY procedure, which is a part of SAS/ETS. We didn't make the comparative analysis in the multidimensional case due to the lack of analogues of such algorithms. But our algorithm has passed years of testing in the valuation of employees liabilities in accordance with IAS 19 "Employee benefits". As an example, the article provides an assessment of the joint function of distribution of workers age and seniority of a large Russian energy enterprise. The proposed estimates can also be used in other areas, such as medicine, biology, demography, reliability, etc.
Introduction
Indicators of the loss amount and the level of insurance risk represent the greatest interest for an insurance actuary. In general, these indicators are multidimensional random variables, for whose complete description a distribution function is used. Therefore, the estimation of distribution functions or their individual parameters (e.g., moments, quantiles, etc.) is always an important and often the most difficult step in an actuarial work. The complexity of estimating the distribution function of insurance risk parameters is objectively due to the complexity of insurance statistics structure and the underdevelopment of its statistical analysis methods. Among the indicators characterizing risk level there is usually a time factor, that is rather natural, since insurance is always a time process. Usually this time factor significantly complicates statistical data structure (e.g.,Baskakov et al. [2] and many other authors), taking into account that actually it is often time data that are censored or truncated.
In this article a set of examples shows that insurance companies data are usually censored and truncated, a method of nonparametric estimation of multivariate distribution function with truncated and censored data is described, and a simple iterative algorithm for distribution function estimation is developed.
Examples of truncated and censored data
Example 1. Classical life insurance. Let a t-aged person purchase a life insurance policy in the year of y. An insurance company includes this persons information in its database and since that moment the monitoring of this specified individual life expectancy starts. Therefore, the insurance company observes a conditional random variable ξ(x | x > t) life expectancy of the insured at the age of t, i.e., provided that his age is x > t. If we consider the whole company portfolio, it is obvious that this situation is replicated many times, with each individual being observed under his individual condition. Thus, the insurance company database is a collection of information about conditional random variables with random condition (age of policy purchase is in general a random value) ξ k (x | x > t k ), k = 1, . . . , N *
with N * being the number of elements in the insurer database. Such data type in relation to an unconditional random variable ξ(x) is called truncated data. This name is justified by the fact that compared with traditional statistical sampling
with N the sample size. In a truncated sample (1) the N * value is the number of observations that cannot be interpreted as statistical sampling volume in Fig. 1 The scheme of development of left-truncated and right-censored data the conventional sense, since the total sample N from which the truncated sampling N > N * was obtained. Indeed, in this data collection scheme an observer is unable to access the information about events happened before the truncation moment t k . It is illustrated in Fig. 1 showing the Lexis diagram (e.g. Winsch et al. [11] ). The truncated data of the type considered with a variety of truncation
Unfortunately, these are not all the challenges actuary faces during insurance statistics analysis. Additional problems are associated with various reasons for termination of the observations of an individual at the age of x k . Some of them are as follows:
1. The claim occurrence, i.e., death of an individual; 2. The death of an individual due to a cause not being an insurance event (e.g., suicide or death while practicing extreme sports); 3. The cancellation of an insurance contract; 4. The need for actuarial calculations during the period when an individual is alive, etc.
Note that only in the first case the realization of a random variable is fully observed, which corresponds to the data collection in classical mathematical statistics. In all other cases, the insurer knows only that the insured event will happen/would have happened later, if the observation did not stop, and that during the observation from the age t k to the age x k the claim has not occurred. With x * k as the moment of the event occurrence (in this case the death of the individual) the observer knows only up to a set C k ∋ x * k , such data are called censored data. The censored data case considered above, with C k = (x k , ∞), is called right-censored (the information right from the censoring moment x k is as if being wiped/censored). Thus the considered statistical information type refers to the samples randomly left-truncated and right-censored.
In fact, a case when the insurance information is censored and/or truncated is typical. Insurance always covers certain time interval and is accompanied by a loss (possibly zero loss). Regardless of the insurance type and statistics collection process, the time indicator is always censored (just due to the fact that actuarial calculations are carried out periodically, when not all the con-tracts are completed and, therefore, not all the insured events occur) and as shown above, the time indicator may be further truncated. Similar remarks may be applied to the value of loss amount, with the only difference that the loss amount is not always censored. Let us consider the following example.
Example 2. Motor insurance. Let a policyholder in a motor insurance contract limits the insurance sum by the u c value equal, for example, to 50-100% of the vehicle cost, and/or use the deductible u t , for example, from 0 to 40% of the sum insured. Similarly with example 1, it is clear that u c insurance sum acts as a censoring moment, while the u t deductible acts as the truncation moment. As a result, we again have left-truncated and right-censored sample.
Example 3. State death registration. In Russia death registration is provided by a registry office called a Body of Civil Status Fcts Registration (ZAGS) formed by state power bodies of the Russian Federation subjects 1 . Death certificate record, in particular, contains the following information: family name, name, patronymic, date and place of birth, gender, citizenship, nationality (if the nationality is indicated in the certificate of death), date and place of death and cause of death (based on the document confirming the fact of death).
Let us consider the data registered in ZAGS offices during the calendar year y, i.e., in the interval [y,y+1). It is easy to notice that, according to the law, ZAGS gathers information only about conditional variables: life expectancy of a certain population, provided that their death occurred during y calendar year. The information on life expectancy of those deceased prior to the start of the y year, and on the age of those alive at the beginning of the following y + 1 year is not provided to ZAGS. Therefore, such population mortality data are bilaterally truncated with the truncation set T k = (0, t k ) ∪ (t k + 1, ∞), where t k is the age of k individual at the beginning of observations y. The scheme of bilaterally truncated 2 data is represented in Fig. 2 . It differs from the chart shown in Fig. 1 by the amount of information available about k = 3 individual. If you have previously known the age of this individual and the fact that in y+1 he was alive, in this scheme the individual (3) data are missing completely it is possible to talk only about his existence with a certain probability.
The bilaterally truncated data considered in the previous example appear in the literature quite rarely. For example, the International Database of Longevity contains data with the same structure on supercentenarians, which Gampe [6] used in the study of human mortality beyond age 110. The most studied cases of the truncated-censored data are left-truncated and rightcensored samples, which are the subject of many publications, for example, the fundamental work by Klein and Moeschberger [8] . However, the data available to an actuary to address the most interesting and practically important tasks Example 4. Lifetime joint annuity. This annuity is issued to two individuals (usually spouses), and paid fully or partially until the death of both policyholders. With spouses generally living together, having common budget and, therefore, the same income, their way of life and living conditions being often similar, there is a reason to believe that their life expectancy is positively correlated random variables. In this regard, to calculate their joint annuity, you should use the joint distribution function of the spouses lifetime.
The statistical data structure concerning each spouses life expectancy that is available to an insurance company, coincides with the one that the company observes in classical life insurance (see Example 1). In the two-dimensional case the situation changes fundamentally, and a censored set C k and a truncated set T k are more complicated due to their higher dimension:
and
with m and w the current age of husband and wife respectively; t k , m k and τ k , w k the age of truncation (of the insurance contract conclusion), the age of observation (censoring) termination due to death of husband and wife respectively or other reasons; y k the time since the contract conclusion until the date as of which data is collected;
n the number of policies sold. To visualize possible sets C k and T k are represented on Fig. 3 . To simplify we put that t 1 =, . . . , = t 4 and τ 1 =, . . . , = τ 4 , i.e., T k sets are the same 3 for all four policies, and the relationship between the ages of censoring and spouses death is selected in such a way as to show the diversity of C k sets, with k corresponding to the number of rows in (3).
Example 5. Selective mortality tables. In general, selective mortality table is based on the conditional distribution function, e.g., distribution function of life expectancy of individuals with pure endowment or with term life contracts, or having a disability, etc. For these distributions, the selection condition is a categorical variable, and the mortality tables construction is reduced to the problem discussed in Example 1. The only difference is that the statistical sample is based on the selection. However, a quantitative variable can often be used as a selection condition. In the case of disability such a condition is the age at which a person may become disabled. In this case it is convenient to talk about the joint distribution of the lifetime X and the age of disability I, where marginal distributions at any fixed age of disability i will form selective mortality tables. Fig. 4 shows the structure of statistical information on the random vector (X, I) available for insurance companies. The scope of this vector has a specific triangular representation type and is determined by the system of equations: X > 0, I > 0 and X ≥ I, where equality is achieved in the case of death of a non-disabled persons (k = 3). In case of death of a disabled (k = 1) there is also a complete realization of the (X, I) vector, but with X > I. Note that in general, the observations are truncated and censored. Data truncating coincides with the start of observations of an individual at the age of t k , and the censoring occurs as a result of observations termination for reasons not associated with his death (k = 4, 5 or 6) and/or when the observation Fig. 4 Censoring C k and truncating T k of a two-dimensional (X, I) vector set concerns a person being already disabled and the age of disability is unknown (k = 2 or 6).
The figure shows possible options of censored sets C k and a truncated set T k , which, for clarity, are the same for all six policies. Meanwhile the expressions for sets C k and T k will not be written explicitly, assuming that a keen reader can do it himself.
Example 6. Selective table of employees decrement. In the evaluation of social liabilities in accordance with IAS 19 "Employee benefits" some social benefits are often connected with the age of an employee and others with his length of service. Traditionally the age of an employee is the basis to construct mortality and retirement tables and the length of service is used to construct turnover table. This approach complicates the analysis, as different bases of decrement tables do not allow to construct a multiple decrement table consistent with them directly, without additional assumptions. An attempt to use age as the basis to construct all these tables leads to the loss of accuracy of estimations of financial flows linked to the employees length of service.
The way to cope with this situation is almost obvious. When assessing the enterprises social liabilities it is necessary to use selective turnover decrement tables where the basis is an employees age, and the selection condition is his age at the time of recruitment. The complexity of the available statistical information and the underdeveloped methods of statistical analysis determine the obvious problems of such approach.
A standard scheme of data collection on turnover of an enterprise is as follows. Human resources department provides the employees data according to the payroll at the beginning and the end of reporting period, including date of birth, date of recruitment, date and reason for employment termination. Usually the following reasons for job termination are mentioned: resignation, retirement, death and others. The structure of such statistical information is shown in Fig. 5 . You may notice that it is similar (but not identical) to data Censoring C k and truncating T k of a two-dimensional (X, E) vector set structure considered in the previous example. In this case a truncation set is more sophisticated
and a possible type of censoring sets is less diverse
with δ k an indicator of termination reason equal to 1, 2 or 3, if a k-employee died, resigned, retired or quitted an employer for any other reason.
Example 7. Ratemaking and reserving. Baskakov et al. [2] , and Baskakova et al. [1] have discussed ratemaking and reserving using multidimensional censored data of an insurance company. It was assumed that the statistical sample included only contracts without deductibles. The removal of this restriction and the incorporation of all the data in the sample, including contracts with deductibles, will obviously lead to the truncation of the observed losses (see Example 2). However, we will not give expressions for censoring and truncating sets arising in such a scheme of data collection. We believe that the examples previously given are enough for a reader familiar with the basics of insurance to be able to deal with the insurance statistics structure and build censoring and truncating sets for almost any insurance scheme, including the above given. It is obvious that the examples of the truncated and censored insurance data are not limited to the ones discussed above, they can be countless. It is more difficult to give an example of complete data. We, however, will not do this and move on to the development of methods of multidimensional statistical analysis of truncated and censored data.
Formulating the problem
Let us remember that in case of complete data x k , k = 1, , n the empirical distribution is defined asP
with B a measurable set, B ∈ R m ;
If data is C k , k = 1, . . . , n censored, Baskakov [3] uses quasi-empirical distribution as its complete analoguē
which is a fixed point of a functional
with P (B | C k ) conditional distribution; P class of all possible distributions on R m ;
B measurable set, B ⊂ R m .
Estimation (8) generalizes the usual empirical distribution (indeed with C k = x k , P (B | x k ) = 1 or 0 is true, with x k ∈ B or x k / ∈ B, respectively) and, under certain circumstances (Baskakov [3] ) inherits its basic features: consistency, asymptotic normality, etc. At the same time P ? n (B) is generalized maximum likelihood estimation of P (B) on P.
This article states the problem of quasi-empirical distribution generalization (8) on a general case of censored and truncated data
with C k and T k censoring and truncating sets respectively for k realization of a random variable observed. Hereinafter no distinction is made between complete and censored observations, as well as between truncated and non-truncated observations due to the fact that the complete observation can be viewed as a censored one with C k = {x k }, and non-truncated as a censored one with T k = ∅.
Quasi-empirical distribution
Before proceeding to the construction of estimation P n (B) of the unconditional distribution P (B) of a random variable ξ on the basis of truncated and censored data (10), let us remember that as a result of truncating the data by a set T k , range Ω of possible values of the k realization of the random variable ξ is truncated to a set (Ω \ T k ), k = 1, . . . , n. In other words, not all realizations of ξ variable are seen in the data collection process, but only those meeting the condition x k ∈ (Ω \ T k ), k = 1, . . . , n. That allows to talk about the conditional distribution P n (B | (Ω \ T k )) of the random variable ξ. The data collection features mentioned above are the basis for the proposed estimation P n (B). Its idea is very simple: each truncated (conditional) observation is converted into the analogous non-truncated (unconditional) observation by adding a certain number of complete data from the P (B) distribution, with simultaneous and adequate increase in the sample volume. The result is a nontruncated sample from the unconditional distribution P (B) on which a P n (B) evaluation is built.
Lets consider the k realization of x k of an observed random variable ξ from the conditional distribution P (B | (Ω \ T k )). It is obvious that the equation
However, the same unconditional probability is
Experience demonstrates that the only one realization of a random value ξ has been observed on a set (Ω \ T k ). Suppose that while observing the random variable ξ from the distribution P (B) on the set (Ω \ T k ) the only one realization of the random variable ξ will be observed as well. Then simultaneously on the set T k P (T k )/(1 − P (T k )) realizations of this variable will be observed on average. Thus it is necessary to add n * k = P (T k )/(1 − P (T k )) of non-observed realizations x * k ∈ T k to one observed realization x k ∈ (Ω \ T k ), to convert one truncated observation x k ∈ (Ω \ T k ) from the distribution P (B | (Ω \ T k )) into a non-truncated observation from the distribution P (B). Each truncated observation is replaced by an equivalent number
of non-truncated observations from the distribution P (B). Now let us consider the truncated and censored sample (10) as a whole. Similarly to the censored data let us call a fixed point of a functional
the quasi-empirical distribution, e.g.,
with N sample volume adjusted according to (12), equal to
Lets explain the meaning of the second summand in the expression (14): a numeratorP n (B ∩ T k ) allocates a part of probability measure concentrated on the truncation sets T k , k = 1, . . . , n to a set B , and a denominator 1 − P n (B∩T k )) normalizes it to enforce the condition (12) If we are going to repeat previous arguments but normalize notP n (B ∩ T k ), butP n (B | C k ) (formally its done by of both summands by 1 −P n (T k ), we will have equivalent (to some extend) estimation of quasi-empirical distribution
In this case the sample volume is equal to n, as if
It is easy to check that with B = (x 1 < x 1 , . . . , x m < x m ),F n (x 1 , . . . , x m ) = P n (B) is a distribution function. It should also be mentioned that with T k ≡ ∅, k = 1, . . . , n in (10), the expression (14) transforms into (8) . Due to natural restrictions on the scope of the article we will not touch such a complex and important issue as the dependence of the vector
To simplify we assume that all components involved in the process of observations censoring and truncation, but not clearly included n the list of components of the estimated distribution function, are independent from the latter.
To construct the estimation of distribution function in the form (14) or (16) an iterative procedure like the EM algorithm (e.g., Dempster et al. [4] ) can be used, that includes the following steps.
1. Set the initial approximation of estimationP
n (B), B ∈ R m , e.g., a uniform one.
2. Calculate the adjusted sample volume according by formula
Calculate a new value ofP
(1) n (B) by formulā Let us consider the truncated and censored sample (10) from the distribution F (x) of a one-dimensional random variable ξ. The censoring and truncating sets are respectively equal to
Return to step (2), replacingP
and their boundaries are related by t 
Its obvious that the range of one-dimensional truncated and censored data generated by the sets (17) is much wider than those previously considered. It is possible to distinguish 12 different types of truncated and censored observations listed in table 1. Note that not all combinations of censoring and truncation are possible. In the table invalid combinations are marked by (−), they include right (left)-censored and right (left)-truncated or bilaterally truncated observations.
The estimation of quasi-empirical distribution functionF (x), with all sample elements are bilaterally truncated and censored by an interval, i.e., with all C k and T k , k = 1, . . . , n looking as (17), is a fixed point of a functional
with N an adjusted sample volume equal to Note that in the special cases of censoring and truncation (see table. 1) certain boundaries of sets (17) are changed to their limits, that allows to simplify the expressions for summands in (18). So, with k observation -complete, we put c
Expressions for the summands in (18) for various combinations of truncation and censoring of observations, can be found in table. 2. Fig. 6 illustrates estimations of one-dimensional distribution function for left-truncated and right-censored data from a uniform distribution on the interval [0, 50] . During the simulation the non-truncated sample volume N got the values 100, 1000 and 5000, and other model parameters did not vary. Therefore, all the main characteristics of these samples were fairly close to each other. The truncated samples volume N * ?0.68N , the truncation degree (the share of truncated observations in the sample) ranged from 0.71 to 0.72, and the censoring degree (proportion of censored observations in the sample) ranged from 0.72 to 0.74.
The calculation results show that with increasing sample volume the estimation accuracy increases and becomes satisfactory achieving the volume comparable to an amount of insurance companies data. This allows to recommend the proposed estimation of distribution function in the form (18) for practical work. 
bilaterally truncated
Estimation of multivariate distributions for truncated and censored data
Let us consider the estimation of the joint distribution of age and length of service of an employees as an example of performing nonparametric estimation of a multivariate distribution function based on truncated and censored data. HR department is usually a supplier of the relevant information, the collection Fig. 7 The estimation of joint distribution of employees age and length of service scheme and the structure of data obtained were discussed in detail in Example 6. Table 3 and Fig. 7 represent the estimation of the joint function of age and length of service distribution of a large energy enterprise employees based on the data of HR department from 01.01.2010 to 31.12.2013. The sample volume was 26839, including 4328 resigned employees and 231 employees who died during this period. The company recruited 5129 new employees instead of those who quitted the employer. Therefore, the data truncation degree was approximately 0.81, and the censoring degree was 0.83.
It should be noted that the estimation of joint distribution function of the employees age and length of service allows to design the selective decrement tables depending on the recruitment age and thus to solve completely the task considered in Example 6. 
Conclusion
The authors propose nonparametric estimation of the distribution function for multidimensional truncated and censored data. It coincides with the estimation of distribution function in multidimensional censored data in the form of quasi-empirical distribution considered by Baskakov [3] for nontrancated data, and, in fact, is its direct generalization. Very simple and effective iterative algorithms for constructing estimations of quasi-empirical distribution in the form (14) and (16) is developed in SAS/IML environment for a number of schemes of data truncation and censoring, including multidimensional ones. The accuracy of estimation of distribution function for truncated and censored data was tested by Monte Carlo method. The comparative analysis of quasi-empirical distribution (18) and alternative estimations showed that for one-dimensional case the estimation coincides with the estimations obtained using the HPSEVERITY procedure, which is a part of SAS/ETS. A HP-SEVERITY procedure uses the modified Lai and Ying [9] and Klein and Moeschberger [8] estimation of Kaplan-Meier (Kaplan and Meier [7] ) for lefttruncated and right-censored data. In other cases, the algorithm for constructing nonparametric estimation of the maximum likelihood proposed by Turnbull [10] is used, and with truncated observations its modification proposed by Frydman [5] .
Similar problems for multidimensional case have not been considered in the literature known to us, therefore similar analysis is not possible. However, the fact that the proposed algorithm shows good results for one-dimensional data and a number of schemes of multidimensional truncated and censored data inspire to hope that it will work satisfactorily beyond the previously examined schemes for multidimensional truncated and censored data. Moreover, the algorithm has passed years of testing in the IAAC group of companies in the evaluation of social liabilities in accordance with IAS 19 "Employee benefits".
